ABSTRACT A meshless Lagrangian (particle) method based on the weakly compressible moving particle semiimplicit formulation (WC-MPS) is developed and analysed for simulation of flow over spillways. To 
INTRODUCTION
Spillways are important structures in dams and are used for controlled release of flow from the upstream reservoir to the downstream channel. Proper design of spillways is a key factor for safe passage of floods from the reservoir pool.
The type selection of the spillway depends on design discharge, location of dam and its structure. The ogee-crest spillways, due to their effective and safe passage of flow and proper performance in a wide range of discharges, are the most commonly applied spillways. These spillways transfer the upstream excess water to downstream through a smooth slope following an ogee curve crest (shaped to conform to the lower nappe of a water sheet flowing over an aerated sharp crest). The shape of these spillways has been A newer generation of numerical methods, namely, meshless particle (Lagrangian) methods, such as smoothed-particle hydrodynamics (SPH) (Gingold & Mona- ghan ) and moving particle semi-implicit (MPS) (Koshizuka & Oka ) methods, has provided a promising opportunity for modelling of highly deformative flows.
Through the past few years, MPS has proved its capabilities This study aims to investigate the application of the WC-MPS method for simulation of flow characteristics (i.e., velocity, pressure and free surface) in spillways (with the focus on ogee-crest spillways). Furthermore, to improve the accuracy of the method, this study will propose some modifications in solid and inflow boundary implementation methods and evaluate their effect on the simulation results.
The capabilities of the model for accurate prediction velocity and pressure fields and free surface profile are comprehensively evaluated by comparing the results with the experimental measurement in a broad range of flow and geometrical conditions.
GOVERNING EQUATIONS
The governing flow equations including mass conservation and motion in Lagrangian frame for a weakly compressible flow are given by (Shakibaeinia & Jin ) :
where u is velocity vector, t is time, ρ is fluid density, p is pressure, g is gravitational force, r is the position vector and μ is fluid viscosity. Note that in Lagrangian frame there is no convective acceleration term in the mass and momentum conservation and the motion of particle is simply calculated by Dr/Dt ¼ u. An equation of state is used to calculate the pressure field using the density field.
MPS method
In MPS the flow domain is represented by a set of particles that possess the flow field variables (such as mass, velocity and pressure) and are free to move in Lagrangian coordinates.
The flow governing equations are discretized and solved over these particles. MPS integration method is based on the local kernel interpolation (weighted averaging) of quantities and derivatives over the particle domain. As Figure 1 shows, a target particle i with the position vector r i , interacts with its neighbouring particle j located within its radius of influence r e using a kernel (weight) function, W(r ij , r e );
where r ij ¼ |r j -r i | is distance between two particles i and j.
A dimensionless parameter, namely particle number density, n, is defined as (Shakibaeinia & Jin a) :
This parameter is a measure for the presence of particles around a certain particle. Assuming equal mass m for all particles, n is related to the fluid density by:
where n 0 is the average initial particle number density, 〈〉 operator is kernel approximation. The kernel function used in this study is a third-order polynomial function, proposed by Shakibaeinia & Jin () as:
The basic MPS approximation for the spatial operations:
interpolation, gradient, divergence, and vector Laplacian of a scalar φ and vector ψ are, respectively, defined by (Koshizuka & Oka ):
where d is the number of space dimensions, e ij ¼ r ij /r ij is the direction vector from particle i to particle j and λ is corrective parameter defined by: 
p i is used in place of p i to stabilize the solution by guaranteeing the positivity of the pressure gradient (Koshizuka et al. ) . Note that in a uniform-viscosity flow field (e.g., single phase Newtonian flows) μ i and μ j are equal.
The conservation mass (Equation (1)) is automatically satisfied, as mass is represented by the presence of particles.
WC-MPS (Shakibaeinia & Jin , a) considers the system as a slightly compressible system, and uses an equation of state to estimate the pressure value for each particle. This study uses the Tait's equation of state (commonly used for high pressure water flow) given by:
where γ ¼ 7 and c 0 is a numerical sound speed. Since using real sound speed of the fluid (i.e., water) requires very small time intervals, a value smaller than the actual sound speed is selected based on the maximum acceptable compressibility (density variation) for the application case. For instance, to keep variations of fluid density (Δρ/ρ) less than 1% of the reference density, a sound speed larger than ten times of the maximum fluid velocity, |u| max , must be selected.
Since an explicit time division is used, the stability condition (CFL conditions) should be satisfied. The CFL conditions are as follows:
where Δl is initial particle distance (particle size) and 0 < C 1 is the Courant number. The sub-particle-scale ( 
Time integration
The time integration method is based on a prediction-correction scheme. Each time step is divided into two pseudo steps of prediction and correction. The velocity in a new time step is the summation of the velocity, calculated in prediction step u*, and a correction velocity u 0 . The velocity of the prediction step is calculated using the viscous terms, body forces and part of the pressure gradient force as:
where α is a relaxation factor and m denotes the previous time step. This velocity is then used to calculate the predicted particle positions r* and particle number n* density and the pressure in new time step (m þ 1) as:
The velocity correction is calculated from the rest of the pressure gradient term in the momentum equation. The particle velocity and position in the new time step (m þ 1) is then calculated by:
Modified boundary conditions
This section presents the methods (and proposed modifications) of implementing the free-surface, solid and open boundaries.
Solid boundaries
In the vicinity of solid boundaries, the particle density decreases. This creates a near-boundary particle deficiency which can cause a problem in the calculation of particle number density and MPS estimation of derivatives. Thus, some layers of so-called ghost particles are placed outside the boundary to prevent this unwanted density reduction (Koshizuka et al. ) . These particles are arranged within a distance covered by interaction radius r e (Figure 2 ). Boundary values are enforced to these ghost particles. The normal velocity of ghost particles is set to zero. For the free-slip boundary conditions, the tangential velocity of a ghost particle is equal to that of corresponding fluid particle, while in no-slip conditions, the velocity of a ghost particle is the opposite of fluid particle tangential velocity (Figure 2 ). Pressure is calculated for the wall particles and is extrapolated to other ghost particle layers to repel the fluid particles from the boundary and to avoid particle penetration of the solid boundary. In this study, to better predict the near boundary velocity (in case the particle size is not small enough to resolve the near boundary sub-layer), the standard logarithmic law of wall is applied to the fluid particles in the vicinity of the solid boundaries. As is shown below in the section Case I, this will predict a better near-boundary velocity profile. The logarithmic law of the wall in general form is given by:
where u τ is the friction velocity (shear velocity), C þ is a constant (≈0.5 for smoothed bed), y is the distance from the solid boundary and κ is the Von Kármán constant (≈0.41).
The wall law velocity is applied to the near wall particle (y< Δl ).
Open boundaries
The At outflow for a known pressure (depth) outflow boundary condition, the boundary pressure is prescribed to the ghost particles. Approaching the first layer of ghost particles, the fluid particles are removed from the domain (Figure 3(a) ).
The pressure value is transferred to the fluid particle by the repulsive force that has been created by the ghost particles.
To control the outflow depth, the height of the ghost particle column is fixed to be the same as the boundary depth. The repulsive force by the ghost particles keeps the fluid depth near the outflow boundary the same as the ghost particle height. At the inflow new particles are added to the distance between the first layer of ghost particles and fluid particles (Figure 3(b) ). The boundary condition variable is prescribed to these particles, while the other variables are extrapolated from the fluid particles. For a known velocity inflow boundary condition, particles are added to the inflow based on a rate depending on the velocity distribution at the inflow boundary. For instance, for x-direction inflow, in each depth y, a new particle is added at each k time step based on the inflow velocity u(y) as:
The algorithm proposed by Shakibaeinia & Jin (, a) successfully prescribes the inflow velocity and controls the outflow depth. However, it also introduces some unphysical pressure pulses at the inflow. This is due to the sudden adding of the new particles. 
Free surface boundary
In the MPS method, particle density is used to track the free water surface. Since there is no particle out of the free water surface, particle density is reduced drastically at the free surface. A particle is recognized as a free surface particle if its particle number density is less than a fraction of the initial average particle number density (Shakibaeinia & Jin a):
A zero-pressure condition is enforced to the free surface particles. In the MPS method, there is no need to apply further conditions for the free surface.
Final algorithm
The algorithm used here for each time step can be summarized as: 1. Input initial particle positions r i and assignment of field variables (e.g., u i and p i ).
Time integration:
• Prediction of the velocities u* from (14) and calculation of r* and n*.
• Pressure calculation from equation of state.
• Calculation of the velocity correction (15).
• Calculation of the velocity, particle position (moving particle by their velocity) and particle number density.
• Sending the new results (r i mþ1 , u i mþ1 , p i mþ1 ) to the output; preparation for next time step (tþ Δt).
3. Repeating steps 2 for the next time step. 
RESULTS AND DISCUSSION
Case I Figure 5 shows the initial position of the particles for Case I (45 W ogee spillway). A particle resolution of 500 particles per unit length (i.e., particle size Δl ¼ 0.002 m) was selected.
This particle distance was selected in order to have a reasonable number of particles in depth at the shallowest areas (e.g., spillway crest). Sensitivity analysis of the model with respect to the particle size shows that the larger particle size may not illustrate the flow features appropriately, and a smaller size will increase the computational time. At the beginning, the particles were uniformly distributed and the velocity and pressure values were set to zero and hydrostatic pressure, respectively.
Effect of boundary modifications
Effects of the proposed modifications in methods of implementing the inflow and solid boundary conditions are investigated here. Simulation results Figure 9 shows the time evolution of the simulated flow over Case I spillway for H s /H d ¼ 0.5. As the simulation starts, the Figure 12 shows the pressure head (normalized using H d ) on the Discharge coefficient, C d , is an important design parameter of ogee crest spillways, and defined as:
The experimental and numerical discharge ratios of spillway Case I are provided in Table 2 . The result shows that the numerical model has accurately predicted the experimental discharge coefficient with a small relative error of around 0.4%.
Case II
The second case in this study is a 60 W ogee-crest spillway (as in Table 1 is set to be critical depth (i.e., the reflection from outflow is brought to zero by removing outflow ghost particles).
The simulations continued until the relatively steady state condition is achieved.
To evaluate the effect of particle resolution, two different particle resolutions of 1/200 (particle size of 0.005 m) and 1/100 (particle size of 0.010 m) were used. Figure 14 shows the numerical water surface profile with the different Figure 16 shows the final pressure field and velocity vectors. The pressure at the upstream reservoir is relatively hydrostatic and it decreases as the flow is accelerated on the crest. The comparisons and error analysis showed a good compatibility of the numerical results with the measurements. The results showed the capabilities of the developed model for accurate modelling flow over ogee-crest spillways with a broad range of conditions. The model of this study can also be applied for other spillway types.
